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Abstract—This paper presents the analytic framework
for evaluating the ergodic capacity (EC) of the reconfig-
urable intelligent surface (RIS) assisted systems. Moreover,
high-signal-to-noise-ratio and high-number of reflection
units (RUs) approximations for the EC are provided.
Finally, the special case in which the RIS is equipped with a
single RU is investigated. Our analysis is verified through
respective Monte Carlo simulations, which highlight the
accuracy of the proposed framework.
Index Terms—Ergodic capacity, High-signal-to-noise-
ratio approximation, Performance analysis, Reconfigurable
intelligent surfaces.
I. INTRODUCTION
While the wireless world moves towards the sixth
generation (6G) era, the data-rate and network traf-
fic demands have been exponential increased [1]–[4].
Technological advances, such as massive multiple-input
multiple-output, full-duplexing, and high-frequency
communications, have been advocated, due to the power
consumption increase that they cause [5]–[8], as well as
their performance limitations when operating in unfavor-
able wireless propagation environment [9]–[13].
To surpass the aforementioned issues, the use of
reconfigurable intelligent surfaces (RISs) in order to
exploit the implicit randomness of the propagation en-
vironment have attacted the attention of both academia
and industry [14]. Most RISs consist of two dimensional
reflection units (RUs) arrays, which are controlled by at
least one micro-controller, and can alter the incoming
electromagnetic (EM) field [15]. In particular, each RU
can independently change the phase of the incident EM
wave; hence, they are able to collaboratively create a
favorable wireless channel [16].
Scanning the open literature, the perfoamance analysis
of RIS-assisted systems is a topic of much hype (see e.g.,
[17]–[21] and references therein). Specifically, in [17]
and [18], [22], the authors provided a symbol error rate
(SER) bound for RIS-assisted systems. Note that these
upper-bounds are quite tight for RIS utilizations with
high-number of RUs, but, in the low-RUs regime, they
are not so accurate. Similarly, in [19], an error analysis
was provided for RIS-assisted non-orthogonal multiple
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access systems. Again, the authors employed the cen-
tral limit theorem for approximating the distribution of
the equivalent wireless channel. As a consequence, the
results are accurate only for scenarios, in which the
RIS consists of a large-number of RUs. In [20], the
authors presented an asymptotic analysis of the uplink
sum-rate of a RIS-assisted system, assuming that the
established channels follow Rician distribution. Finally,
in [22], the performance of such systems in terms of
energy efficiency was quantified.
To the best of the authors knowledge, no analytical
assessment of the EC in RIS-assisted systems has been
reported. Motivated by this, this work presents the ana-
lytical framework that quantifies the EC of RIS-assisted
systems. In this sense, we initially present novel a closed-
form expression for the probability density function
(PDF) of the end-to-end (e2e) fading channel coefficient
of the RIS-assisted system. Moreover, the PDF of the
e2e fading channel for the special case, in which the
RIS is equipped with a single RU, is also presented.
Building upon them, we extract closed-form expressions
for the EC of the RIS-assisted system for both cases, in
which the RIS is equipped with multiple and a single
RU. Finally, tight novel high-SNR and high-RU number
approximations for the EC are derived.
Notations: The operators E[·], V[·] and |·| respectively
denote the statistical expectation, variance, and the ab-
solute value, whereas exp (x) and log2 (x) respectively
stand for the exponential and the binary logarithmic
functions. Additionally, ln (x) refers to the natural loga-
rithm of x, while
√
x and lim
x→a (f(x)) respectively return
the square root of x and the limit of the function f(x) as
x tends to a. Furthermore, (x)n denotes the Pochham-
mer operator. Also, csc(x) and sec(x) respectively re-
turn the cosecant and the secant of x. The upper and
lower incomplete Gamma functions [23, eq. (8.350/2),
(8.350/3)] are respectively denoted by Γ (·, ·) and γ (·, ·),
while the Gamma function is represented by Γ (·) [23,
eq. (8.310)], whereas Kv(·) and Iv(·) are respectively
the modified Bessel function of the second [24, eq.
(9.6.2)] and first kind of order v [24, eq. (9.6.3)].
Moreover, F0(·), E(·), and K(·) respectively represent
the polygamma function of the zero order [24, eq.
(6.4.1)], the elliptic integral function [24, eq. (17.1.1)],
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Fig. 1: System model of the RIS-assisted wireless sys-
tem.
and the complete elliptic integral function of the first
kind [24, eq. (17.3.1)]. Furthermore, 2F1(·, ·; ·; ·) stands
for the Gauss hypergeometric function [24, eq. (4.1.1)],
while pFq (a1, · · · , ap; b1, · · · , bq;x) is the general-
ized hypergeometric function [23, eq. (9.14/1)]. Mean-
while, U (a, b, x) and Gm,np,q
(
x
∣∣∣∣ a1, a2, · · · , apb1, b2, · · · , bq
)
re-
spectively represent the confluent hypergeometric func-
tion of second kind [23, ch. 9.2], and the Meijer’s G-
function [23, eq. (9.301)].
II. SYSTEM MODEL
As shown in Fig. 1, we consider a RIS-assisted
wireless system, in which a single-antenna source (S)
node communicates with a single-antenna destination
(D) node through a RIS, that consists of N RUs. The
baseband equivalent channels between S and the i-th
RU of the RIS, hi, as well as the one between the
i−th RU and D, gi, are assumed to be independent and
Rayleigh distributed random variables (RVs) with scale
parameters 1. This assumption originates from the fact
that even if the line-of-sight links between S-RIS and
RIS-D are blocked, there still exist extensive scatters.
Moreover, as usual practice, in this work, we also neglect
the deterministic path-gain in the fading coefficients hi
and gi.
Hence, the baseband equivalent received signal at D
is given by
y =
N∑
i=1
higirix+ n, (1)
where n denotes the additive white Gaussian noise and
can be modeled as a zero-mean complex Gaussian RV
with variance equal No. Likewise, ri represents the i−th
RU response and can be expressed as
ri = |ri| exp (jθi) , (2)
with θi being the PS applied by the i−th reflecting RU
of the RIS. In this work, we assume that the phases of
the channels hi and gi are perfectly known to the RIS,
and that thus the RIS selects the optimal phase shifting,
which is θi = − (φhi + φgi), where φhi and φgi are
respectively the phases of hi and gi. In addition, without
loss of generality, it is assumed that the reflected gain
of the i−th RU, |ri|, is equal to 1. Hence, (2) can be
simplified as
ri = exp (−j (φhi + φgi)) . (3)
By employing (3), (1) can be expressed as
y = Ax+ n, (4)
where
A =
N∑
i=1
|hi||gi|. (5)
III. PERFORMANCE ANALYSIS
The following theorem returns closed-form approxi-
mation for the PDF and CDF of A.
Lemma 1. The PDF of A can be evaluated as
fA(x) =
xa
ba+1Γ(a+ 1)
exp
(
−x
b
)
, (6)
where
a =
k21
k2
− 1, and b = k2
k1
, (7)
with
k1 =
Npi
2
, and k2 = 4N
(
1− pi
2
16
)
. (8)
Proof: Please refer to Appendix A.
Special case: For the case in which the RIS consists
of a single RU, i.e. N = 1, A is the product of two
independent and identical Rayleigh distributed random
variables (RVs); thus, it follows a double Rayleigh
distribution and its PDF can be obtained as [25, eq. (3)]
fsA = xK0 (x) . (9)
The following theorem return a novel closed-form
expression for the EC.
Theorem 1. The EC of the RIS-assisted system can be
analytically computed as in (10), given at the top of
the next page. In (10), ρt = PtNo , where Pt is the S
transmission power.
Proof: Please refer to Appendix B.
The following corollaries present high-SNR and high-
N approximations for the EC.
Corollary 1. In the high SNR regime, the EC can be
approximated as in (11), given at the top of the next page.
Proof: For ρt →∞, y = 14b2ρt → 0. Moreover,
lim
y→0 1
F2
(
1 +
a
2
;
3
2
, 2 +
a
2
,−y
)
= 1, (12)
lim
y→0 1
F2
(
a+ 1
2
;
1
2
,
a+ 3
2
,−y
)
= 1 (13)
C =
a2 − a
(a− 1)2 log2
(
b2ρs
)
+
2
(
a2 − a)
ln(2)(a− 1)2F0 (3 + a) +
pi csc
(
api
2
)
1F2
(
1 + a2 ;
3
2 , 2 +
a
2 ,− 14b2ρs
)
ln(2)(2 + a)ba+2Γ(a+ 1)ρ
a
2 +1
s
+
pisec
(
api
2
)
1F2
(
a+1
2 ;
1
2 ,
a+3
2 ,− 14b2ρs
)
(a+ 1)ba+1 ln (2) Γ(a+ 1)ρ
a+1
2
s
+
2F3
(
1, 1; 2, 1− a2 , 3−a2 ,− 14b2ρs
)
ln(2)(a− 1)2b2ρs (10)
Cρ ≈ 1
ln(2)(a− 1)2b2ρt +
(
a2 − a) log2 (b2ρt)+ 2(a2−a)ln(2)(a−1)2F0 (3 + a)
(a− 1)2
+
pi csc
(
api
2
)
ln(2)(2 + a)ba+2Γ(a+ 1)ρ
a
2 +1
t
+
pisec
(
api
2
)
(a+ 1)ba+1 ln (2) Γ(a+ 1)ρ
a+1
2
t
(11)
and
lim
y→0 2
F3
(
1, 1; 2, 1− a
2
,
3− a
2
,−y
)
= 1. (14)
Thus,in the high SNR regime (10) can be approximated
as in (11). This concludes the proof.
Corollary 2. In the high SNR and N regime, the EC
can be approximated as
Cρ,N ≈ 1
ln(2)(a− 1)2b2ρt +
a2 − a
(a− 1)2 log2
(
b2ρt
)
+
2
(
a2 − a)
ln(2)(a− 1)2F0 (3 + a) . (15)
Proof: In the high SNR regime, as N → ∞, a →
∞; hence, since Γ (a+ 1) is an increasing function, as
N → ∞, Γ (a+ 1) → ∞, or equivalently 1Γ(a+1) → 0.
This indicates limN→∞ B1 = limN→∞ B2 = 0, where
B1 = pi
ln(2)(2 + a)ba+2Γ(a+ 1)ρ
a
2 +1
t
csc
(api
2
)
(16)
and
B2 = pi
(a+ 1)ba+1 ln (2) Γ(a+ 1)ρ
a+1
2
t
sec
(api
2
)
.
(17)
Therefore, (11) can be approximated as in (15). This
concludes the proof.
Special case: For N = 1, the EC can be evaluated
according to the following lemma.
Lemma 2. For a single RU RIS, the EC can be ob-
tained as
Cs =
1
8 ln(2)ρ2t
G3,11,3
(
1
4ρ2t
∣∣∣∣ −1−1,−1, 0
)
− 1
4 ln(2)ρt
G3,11,3
(
1
4ρ2t
∣∣∣∣ − 12− 12 ,− 12 ,− 12
)
+
1
8 ln(2)ρ2t
G4,12,4
(
1
4ρ2t
∣∣∣∣ −1, 0−1,−1,−1, 1
)
. (18)
Proof: Please refer to Appendix C.
Fig. 2: The PDF of the equivalent e2e channel for
different N .
IV. NUMERICAL RESULTS
This section is focused on verifying the theoretical
framework through respective Monte Carlo simulations
and reporting the EC performance of the RIS-assisted
system. Unless otherwise stated, in what follows, we
use continuous lines and markers to respectively denote
theoretical and simulation results.
Figure 2 illustrates the PDF of the equivalent e2e
channel of the RIS-assisted system, for different number
of RUs. From this figure, it is observed that the the-
oretical and simulation results coincide; thus, verifying
the presented analytical framework. Additionally, it is
observed that, as N increases, the equivalent e2e channel
values also increase. This indicates that by increasing N ,
the diversity gain of the RIS-assisted system improves.
Figure 3 depicts the EC as a function of ρt, for
different values of N . In this figure, continuous lines
denote the analytical results, the dashed ones stand for
the high-SNR approximation, while the dashed-dotted
ones represent the high SNR-and-N approximation. We
observe that both the high-SNR and the high-SNR-
N approximations provides excellent fits even in the
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Fig. 3: Capacity vs ρt, for different values of N .
medium and low transmission SNR regimes. Likewise, it
is obvious that, for a fixed N , as ρt increases, the EC also
increases. For instance, for N = 2, as ρt changes from 5
to 10 dB, the EC improves for about 34.2%. Moreover,
for a given ρt, as N increases, the achievable EC
increases. For example, for ρt = 10 dB, as N shifts from
50 to 100, the EC increases for approximately 12.64%.
Finally, this figure reveals that, independently of ρt, as
N doubles, the EC increases for about 2 bits/s/Hz.
V. CONCLUSIONS
This contribution studied the EC of RIS-assisted sys-
tems. After obtaining the PDF of the equivalent e2e
channel of the RIS-assisted system, we extracted novel
closed-form expressions for the EC together with low-
complexity tight high-SNR and high-N approximations.
The analytical results were compared against respective
Monte Carlo simulations, which validated their accuracy
and revealed that as the number of RUs increases, the EC
also increases. Interestingly, it was observed that as the
number of RUs doubles, the EC for about 2 bits/s/Hz.
APPENDICES
APPENDIX A
PROOF OF LEMMA 1
Since, |hi| and |gi| are Rayleigh distributed RVs,
from (5), it becomes evident that A is the sum of N
independent and identical double Rayleigh processes,
which PDF, according to [26, ch. 2.2.2], can be tightly
approximated as the first term of a Laguerre series
expansion, i.e., (6). The parameters a and b are given
in (7), whereas k1 and k2 can be evaluated as [26, eq.
(2.74)]
k1 = E[A], (19)
and
k2 = 4V[A]. (20)
The expected value of A can be obtained as
E[A] =
N∑
i=1
E [|hi||gi|] , (21)
or, due the |hi| and |gi| independency,
E[A] =
N∑
i=1
E [|hi|]E [|gi|] . (22)
Likewise, |hi| and |gi| follow Rayleigh distribution with
variances 1; thus,
E [|hi|] = E [|gi|] =
√
pi
2
. (23)
By substituting (23) into (22), we get
E[A] = N
pi
2
. (24)
Similarly, the variance of A can be computed as
V[A] = N
(
1− pi
2
16
)
. (25)
By substituting (24) and (25) into (19) and (20), we
obtain (8). This concludes the proof.
APPENDIX B
PROOF OF THEOREM 1
The EC is defined as
C = E [log2 (1 + ρ)] , (26)
which can be equivalently written as
C =
ˆ ∞
0
log2
(
1 + ρty
2
)
fA(y) dy. (27)
By substituting (6) into (27), the EC can be rewritten as
C =
xa
ba+1Γ(a+ 1)
ˆ ∞
0
exp
(
−y
b
)
log2
(
1 + ρty
2
)
dy,
(28)
or
C =
1
ba+1 ln (2) Γ(a+ 1)
K, (29)
where
K =
ˆ ∞
0
ya exp
(
−y
b
)
ln
(
1 + ρty
2
)
dy. (30)
Based on [24, eq. (15.1.1)], (30) can be written as
K = ρt
ˆ ∞
0
ya+2 exp
(
−y
b
)
2F1
(
1, 1; 2;−ρty2
)
dy.,
(31)
which, after applying integration by parts as well as [27,
eq. (07.23.21.0015.01)], can be expressed as in (32),
given at the top of the following page. In addition,
by substituting (32) into (29), and after some algebraic
manipulations, we extract (33), given at the top of the
following page. Finally, by taking into account that
Γ(x+n)
Γ(x) = (x)n, (33) can be rewritten as in (10). This
concludes the proof.
K = 4aba+3Γ(a)ρt ln (b√ρt) + 6a2ba+3Γ(a)ρt ln (b√ρt) + 2a3ba+3Γ(a)ρt ln (b√ρt)
+ 2a(a+ 1)(a+ 2)ba+3Γ(a)F0 (3 + a)− pi
(4 + a)bρ
a
2 +1
t
csc
(api
2
)
1F2
(
2 +
a
2
;
3
2
, 3 +
a
2
,− 1
4b2ρt
)
− pi
(a+ 3)ρ
a+1
2
t
sec
(api
2
)
1F2
(
a+ 3
2
;
1
2
,
a+ 5
2
,− 1
4b2ρt
)
+ aba+1Γ(a) 2F3
(
1, 1; 2,
1− a
2
,−a
2
,− 1
4b2ρt
)
(32)
C = 4ab2
Γ(a)
Γ(a+ 1)
ρt log2 (b
√
ρt) + 6a
2b2
Γ(a)
Γ(a+ 1)
ρt log2 (b
√
ρt) + 2a
3b2
Γ(a)
Γ(a+ 1)
ρt log2 (b
√
ρt)
+
2
ln(2)
a(a+ 1)(a+ 2)b2
Γ(a)
Γ(a+ 1)
F0 (3 + a)
− pi
ln(2)(4 + a)ba+2Γ(a+ 1)ρ
a
2 +1
t
csc
(api
2
)
1F2
(
2 +
a
2
;
3
2
, 3 +
a
2
,− 1
4b2ρt
)
− pi
(a+ 3)ba+1 ln (2) Γ(a+ 1)ρ
a+1
2
t
sec
(api
2
)
1F2
(
a+ 3
2
;
1
2
,
a+ 5
2
,− 1
4b2ρt
)
+
a
ln(2)
Γ(a)
Γ(a+ 1)
2F3
(
1, 1; 2,
1− a
2
,−a
2
,− 1
4b2ρt
)
(33)
APPENDIX C
PROOF OF LEMMA 2
Based on (26), the EC can be obtained as
Cs =
ˆ ∞
0
log2 (1 + ρtx) f
s
ρ (x) dx, (34)
or equivalently
Cs =
1
ln(2)
ˆ ∞
0
ln
(
1 + ρtx
2
)
fsA(x) dx, (35)
which, with the aid of (6), can be expressed as
Cs =
1
4 ln(2)ρt
C1 − 1
2 ln(2)
√
ρt
C2 + 1
4 ln(2)ρt
C3,
(36)
where
C1 =
ˆ ∞
0
K0
(√
x
ρt
)
ln (1 + ρtx) dx, (37)
C2 =
ˆ ∞
0
x−1/2K1
(√
x
ρt
)
ln (1 + ρtx) dx (38)
and
C3 =
ˆ ∞
0
K2
(√
x
ρt
)
ln (1 + ρtx) dx. (39)
Moreover, by using [23, eq. (8.352/2)], (37)-(39) can be
equivalently written as
C1 = ρt
ˆ ∞
0
xK0
(√
x
ρt
)
2F1 (1, 1; 2; ρtx) dx, (40)
C2 = ρt
ˆ ∞
0
x1/2K1
(√
x
ρt
)
2F1 (1, 1; 2; ρtx) dx
(41)
and
C3 = ρt
ˆ ∞
0
xK2
(√
x
ρt
)
2F1 (1, 1; 2; ρtx) dx. (42)
Moreover, with the aid of [28, eq. (03.04.26.0009.01)]
and [29, eq. (17)], (40)-(42) can be respectively writ-
ten as
C1 = ρt
2
ˆ ∞
0
xG2,00,2
(
x
4ρt
∣∣∣∣ 0, 0)
×G1,22,2
(
ρtx
∣∣∣∣ 0, 00,−1
)
dx,
(43)
C2 = ρt
2
ˆ ∞
0
x1/2G2,00,2
(
x
4ρt
∣∣∣∣ 12 ,−12
)
×G1,22,2
(
ρtx
∣∣∣∣ 0, 00,−1
)
dx
(44)
and
C3 = ρt
2
ˆ ∞
0
xG2,00,2
(
x
4ρt
∣∣∣∣ 1,−1)
×G1,22,2
(
ρtx
∣∣∣∣ 0, 00,−1
)
dx,
(45)
which, by applying [30, ch. 2.3], can be analytically
evaluated as
C1 = 1
2ρt
G3,11,3
(
1
4ρ2t
∣∣∣∣ −1−1,−1, 0
)
, (46)
C2 = 1
2
√
ρt
G3,11,3
(
1
4ρ2t
∣∣∣∣ − 12− 12 ,− 12 ,− 12
)
(47)
and
C3 = 1
2ρt
G4,12,4
(
1
4ρ2t
∣∣∣∣ −1, 0−1,−1,−1, 1
)
. (48)
Finally, by substituting (46)-(48) into (36), we ex-
tract (18). This concludes the proof.
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